Torsional Topological Invariants by Nieh, H. T.
ar
X
iv
:1
80
4.
07
44
0v
2 
 [g
r-q
c] 
 20
 N
ov
 20
18
Torsional Topological Invariants
H. T. Nieh∗
Institute for Advanced Study, Tsinghua University, Beijing 100084, China
(Dated: June 27, 2018)
Making use of the SO(3,1) Lorentz algebra, we derive in this paper two series of Gauss-Bonnet
type identities involving torsion, one being of the Pontryagin type and the other of the Euler type.
Two of the six identities involve only torsional tensorial entities and establish
√
−gǫµνλρ(Cαβµν +
CσµνC
αβ
σ )C
η
λα Cρβη and
√
−gǫµνλρǫαβγδ(Cαβµν +CσµνC αβσ )C
γη
λ C
δ
ρ η as purely torsional topological
invariants.
PACS numbers: 04.20.Cv, 04.63.+v
I. INTRODUCTION
Topological considerations have played increasingly ac-
tive roles in various branches of physics, such as in topo-
logical condensed matter physics [1–4], and in quantum
chaos [5]. In the realm of Einstein’s Riemannian gravi-
tational theory, there are two well-known topological in-
variants in terms of the curvature tensor in four dimen-
sion. They are the Euler invariant and the Pontryagin
invariant. In the advent of the Kibble-Sciama theory
of gravitation [6, 7], torsion tensor came into play [8],
and there exists so far one known purely torsional topo-
logical invariant, namely the Nieh-Yan invariant [9–11]
discovered in 1982. This torsional invariant has since
been recognized as the generating functional [12, 13] for
the canonical transformation into the Ashtekar variables
[14] that led to the development of loop quantum grav-
ity [15]. It also appeared in studies in torsional chiral
anomaly [10, 16–20] and related investigations [21–23].
In this paper, we shall derive two more series of topolog-
ical invariants involving torsion, one being of the Pon-
tryagin type and the other of the Euler type, with each
series consisting of three invariants. Two out of these six
invariants contain only torsional tensorial entities.
In the Einstein-Cartan-Kibble-Sciama theory of grav-
itation [6–8], the vierbein field eaµ and the Lorentz-spin
connection field ωabµ are the independent basic field vari-
ables, where the Latin a, b are the anholonomic Lorentz
indices and the Greek µ the holonomic coordinate index.
Geometric entities, such as the metric tensor gµν and the
affine connection Γλµν are defined in terms of the basic
field variables eaµ and ω
ab
µ. The metric tensor gµν is
defined by
gµν = ηabe
a
µe
b
ν , (1)
with
ηab = ηab = (1,−1,−1,−1), (2)
while the affine connection Γλµν is to be defined [6] in such
a way that ensures metric compatibility. Defining the
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covariant derivatives, denoted with semi-column ; sub-
scripts, with respect to both local Lorentz transforma-
tions and general coordinate transformations for generic
χ λa and χ
a
ν according to
χ λa ;µ ≡ χ λa ,µ − ωbaµχ λb + Γλνµχ νa , (3)
χaν;µ ≡ χaν,µ + ωabµχbν − Γλνµχaλ, (4)
the affine connection is chosen [6] to be
Γλµν = e
λ
a (e
a
µ,ν + ω
a
bνe
b
µ), (5)
where e λa is the inverse of e
a
λ. We note that the Lorentz
indices are raised and lowered by ηab = ηab while the
coordinate indices are lowered and raised by gµν and its
inverse gµν . It then follows from the definition of the
affine connection (5) that
eaµ;λ = 0, (6)
e
µ
a ;λ = 0, (7)
and, consequently, with the metric tensor gµν defined by
(1),
g
µν
;λ = 0, (8)
gµν;λ = 0. (9)
The affine connection Γλµν as defined by (5) is in general
not symmetric,
Γλµν 6= Γλνµ,
giving rise to the torsion tensor Cλµν , which is defined by
Cλµν = Γ
λ
µν − Γλνµ. (10)
Define
̟µ ≡ 1
4
σabω
ab
µ, (11)
where [24]
σab =
i
2
[γa, γb], (12)
2with {γa, γb} = 2ηab. The set of matrices i2σab satisfy
the SO(3,1) Lorentz algebra
i
2
[σab, σcd] = ηacσbd − ηadσbc + ηbdσac − ηbcσad. (13)
The Lorentz curvature Rabµν is defined through
1
4
σabR
ab
µν ≡ ̟µ,ν −̟ν,µ + i[̟µ, ̟ν ], (14)
and, as a result of the Lorentz algebra (13), is given by
Rabµν = ω
ab
µ,ν − ωabν,µ − ωacµω bc ν + ωacνω bc µ, (15)
which has the property
Rλρµν = e
λ
a e
ρ
b R
ab
µν
= gρσ(Γλσµ,ν − Γλσν,µ − ΓλαµΓασν + ΓλανΓασµ) (16)
where Γλµν is defined by (3).
II. GAUSS-BONNET TYPE IDENTITIES
Gauss-Bonnet type identities in Riemann-Cartan
curved space-time
√−gǫµνλρRαβµνRαβλρ = total derivative, (17)
√−gǫµνλρǫαβγδRαβµνRγδλρ = total derivative (18)
can be simply derived [25] on the basis of the SO(3,1)
Lorentz algebra and properties of the Dirac matrices.
These identities establish
√−gǫµνλρRαβµνRαβλρ, (19)
√−gǫµνλρǫαβγδRαβµνRγδλρ (20)
as topological invariants. They are, respectively, the Pon-
tryagin and Euler topological invariants.
Based on the SO(4,1) de Sitter algebra, another Gauss-
Bonnet type identity
√−gǫµνλρRABµνRABλρ = total derivative, (21)
where indices A and B take on five valuess (0,1,2,3,5),
can be derived [9], establishing
√−gǫµνλρRABµνRABλρ (22)
as a Pontryagin type topological invariant for the de Sit-
ter group. It is the difference of the SO(4,1) and SO(3,1)
Pontryagin invariants, namely (21) and (17), that led to
the identity [9]
√−gǫµνλρ(Rµνλρ+ 1
2
CαµνCαλρ) = ∂µ(−
√−gǫµνλρCνλρ),
(23)
establishing
√−gǫµνλρ(Rµνλρ + 1
2
CαµνCαλρ) (24)
as a torsional topological invariant [10, 11].
We now use the same method, based on the SO(3,1)
algebra and properties of the Dirac matrices, to derive
two more series of topological invariants involving tor-
sion, one being of the Euler type and the other of the
Pontryagin type. Define ω′abµ by
ω′abµ ≡ ωabµ + ξC abµ , (25)
where ξ is an arbitrary parameter, and
C abµ = e
a
λe
b
ρC
λρ
µ ,
which is antisymmetric in a and b. It is convenient to
introduce the group algebraic notations
̟µ =
1
4
σabω
ab
µ
Cµ =
1
4
σabC
ab
µ
̟′µ ≡ ̟µ + ξCµ = 14σabω′ abµ
. (26)
The curvature tensor R′abµν corresponding to the connec-
tion ω′abµ is defined by
1
4
σabR
′ab
µν = R¯
′
µν , (27)
where
R¯′µν ≡ ̟′µ,ν −̟′ν,µ + i[̟′µ, ̟′ν ], (28)
On account of the SO(3,1) Lorentz algebra, R′abµν is ex-
plicitly given by
R′abµν = ω
′ab
µ,ν − ω′abν,µ − ω′acµω′ bc ν + ω′acνω′ bc µ, (29)
which can be expressed in terms of the curvature tensor
Rabµν and the torsion tensor C
ab
µ as
R′abµν = R
ab
µν + ξ(C
ab
µν + C
ab
λ C
λ
µν)
+ξ2(−C acµ C bνc + C acν C bµc ) , (30)
where Cabµν denotes
Cabµν = C
ab
µ ;ν − C abν ;µ, (31)
with ; representing covariant derivative in accordance
with the definitions (4) and (5), e.g.,
C abµ ;ν = C
ab
µ ,ν − ΓλµνC abλ + ωacνC cbµ + ωbcνC acµ . (32)
III. PONRYAGIN TYPE IDENTITIES
We can express the Pontryagin type invariant for
R
′αβ
λρ in the following form
3√−gǫµνλρR′αβµνR′αβλρ
=
√−gǫµνλρR′abµνR′abλρ
= 2
√−gǫµνλρTr[R¯′µνR¯′λρ]
, (33)
where use has been made of
Tr[σabσcd] = 4(ηacηbd − ηadηbc). (34)
With R¯′µν given by (28), we can express (33) in the form
[25]
√−gǫµνλρR′αβµνR′αβλρ
= ∂µ{8√−gǫµνλρTr[̟′ν∂λ̟′ρ + 2i3 ̟′ν̟′λ̟′ρ]}
, (35)
where use has been made of the fact that
√−gǫµνλρ is a
constant. With R′abµν given by (30), we can expand the
left-hand side of (35) as a power series of the parameter
ξ,
√−gǫµνλρR′αβµνR′αβλρ
=
√−gǫµνλρ{RαβµνRαβλρ + ξ2Rαβµν(Cαβλρ + CσαβCσλ̺)
+ξ2[4RαβµνC
σ
λα Cρβσ
+(Cαβµν + C
αβ
σ C
σ
µν)(Cαβλρ + CηαβC
η
λρ)]
+ξ34(Cαβµν + C
αβ
σ C
σ
µν)C
γ
λα Cρβγ}
.
(36)
As a power series in ξ, and with ̟′µ given by (26), the
right-hand side of (35) is given by
∂µ{8√−gǫµνλρTr[(̟ν∂λ̟ρ + 2i3 ̟ν̟λ̟ρ)
+ξ(̟ν∂λCρ + Cν∂λ̟ρ + 2iCν̟λ̟ρ)
+ξ2(Cν∂λCρ + 2iCνCλ̟ρ) + ξ
3CνCλCρ]}
. (37)
We recall that ̟µ and Cµ are given in (26). Since the
parameter ξ is arbitrary, we equate terms in (36) with
corresponding terms of equal power in ξ in (37) and ob-
tain a set of four identities. The identity corresponding to
the zeroth power in ξ is the original Gauss-Bonnet iden-
tity (16) for the Pontryagin invariant. The other three
identities are
√−gǫµνλρRαβµν(Cαβλρ + CσαβCσλρ)
= ∂µ[4
√−gǫµνλρTr(̟ν∂λCρ + Cν∂λ̟ρ + 2iCν̟λ̟ρ)] ,
(38)
√−gǫµνλρ[4RαβµνC σλα Cρβσ
+(Cαβµν + C
αβ
γ C
γ
µν)(Cαβλρ + CδαβC
δ
λρ)]
= ∂µ[8
√−gǫµνλρTr(Cν∂λCρ + 2iCνCλ̟ρ)]
, (39)
√−gǫµνλρ(Cαβµν + C αβσ Cσµν)C γλα Cρβγ
= ∂µ[
4i
3
√−gǫµνλρTr(CνCλCρ)] . (40)
IV. EULER TYPE IDENTITIES
Let us denote by ηabcd the totally antisymmetric
Minkowski tensor, with
η0123 = −1. (41)
Because of the relation
Tr[γ5σabσcd] = −4iηabcd, (42)
where
γ5 = iγ
0γ1γ2γ3, (43)
we can express the Euler type invariant in the form
√−gǫµνλρǫαβγδR′αβµνR′γδλρ
=
√−gǫµνλρηabcdR′abµνR′cdλρ
= 4i
√−gǫµνλρTr[γ5R¯′µνR¯′λρ]
. (44)
where R¯′µν is defined by (28). Substituting (28) into
(44), we obtain [25]
√−gǫµνλρǫαβγδR′αβµνR′γδλρ
= ∂µ{16i√−gǫµνλρTr[γ5(̟′ν∂λ̟′ρ + 2i3 ̟′ν̟′λ̟′ρ)]}
,
(45)
where use has been made of the relation,
[γ5, ̟
′
µ] = 0. (46)
We expand both sides of (45) as power series of ξ. The
left-hand side is
√−gǫµνλρǫαβγδR′αβµνR′γδλρ
=
√−gǫµνλρǫαβγδ{RαβµνRγδλρ
+ξ2Rαβµν(C
γδ
λρ + C
γδ
σ C
σ
λρ)
+ξ2[4RαβµνC
γσ
λ C
δ
ρ σ + (C
αβ
µν
+C αβσ C
σ
µν)(C
γδ
λρ + C
γδ
η C
η
λρ)]
+ξ34(Cαβµν + C
αβ
σ C
σ
µν)C
γη
λ C
δ
ρ η}
. (47)
The right-hand side of (45), as a power series of ξ, is
given by
∂µ{16i√−gǫµνλρTr[γ5(̟ν∂λ̟̺ + 2i3 ̟ν̟λ̟̺)
+ξγ5(Cν∂λ̟ρ +̟ν∂λCρ + 2iCνCλCρ)
+ξ2γ5(Cν∂λCρ + 2iCνCλ̟ρ) + ξ
3γ5
2i
3
CνCλCρ]}
.
(48)
Equating terms in (47) with corresponding terms of the
same power in ξ in (48), we obtain four identities. The
identity corresponding to the zeroth power in ξ is the
original Gauss-Bonnet identity for the Euler invariant
(18). The other three identities are the following:
√−gǫµνλρǫαβγδRαβµν(Cγδλρ + C γδσ Cσλρ)
= ∂µ{8i√−gǫµνλρTr[γ5(Cν∂λ̟ρ +̟ν∂λCρ
+2iCν̟λ̟ρ)]}
, (49)
√−gǫµνλρǫαβγδ[4RαβµνC γσλ C δρ σ
+(Cαβµν + C
αβ
σ C
σ
µν)(C
γδ
λρ + C
γδ
η C
η
λρ)]
= ∂µ{16i√−gǫµνλρTr[γ5(Cν∂λCρ + 2iCνCλ̟ρ)]}
,
(50)
√−gǫµνλρǫαβγδ(Cαβµν + C αβσ Cσµν)C γηλ C δρ η
= ∂µ[− 83
√−gǫµνλρTr(γ5CνCλCρ)] . (51)
4V. PURELY TORSIONAL TOPOLOGICAL
INVARIANTS
In addition to the original Gauss-Bonnet identities (17)
and (18) for the Pontryagin and Euler topological invari-
ants, respectively, we have obtained in this paper six ad-
ditional identities, which do not exist when torsion van-
ishes. Three of them, namely (38), (39) and (40), are of
the Pontryagin type, and the other three, namely (49),
(50) and (51), are of the Euler type. Of the six, two of
the identities, namely (40) and (51), are special in that
they contain only torsion tensorial entities, just like the
previously known torsional identity (23). The right-hand
side of the two identities (40) and (51) can be easily eval-
uated. We have the following results for the traces:
ǫµνλρTr(CνCλCρ) = − i
2
ǫµνλρC bνa CλbcC
ca
ρ , (52)
ǫµνλρTr(γ5CνCλCρ) =
1
4
ǫµνλρC bνa Cλbc
∗C
ca
ρ , (53)
where
∗C caρ ≡ ηcabdCρbd. (54)
The identities (40) and (51) then become, respectively,
√−gǫµνλρ(Cαβµν + C αβσ Cσµν)C ηλα Cρβη
= ∂µ[
2
3
√−gǫµνλρC βνα CλβγC γαρ ]
, (55)
and
√−gǫµνλρǫαβγδ(Cαβµν + C αβσ Cσµν)C γηλ C δρ η
= ∂µ[− 23
√−gǫµνλρC βνα Cλβγ∗C γαρ ]
. (56)
These two identities together with the previously known
identity [9]
√−gǫµνλρ(Rµνλρ + 1
2
CαµνCαλρ) = ∂µ(−
√−gǫµνλρCνλρ)
are the three identities containing only torsional tensorial
entities, establishing
√−gǫµνλρ(Rµνλρ + 1
2
CαµνCαλρ) (57)
√−gǫµνλρ(Cαβµν + CσµνC αβσ )C ηλα Cρβη (58)
√−gǫµνλρǫαβγδ(Cαβµν + CσµνC αβσ )C γηλ C δρ η (59)
as the three purely torsional topological invariants. We
remind ourself that Cαβµν is defined in (31).
We remark that we have applied the same considera-
tion to the case of the SO(4,1) de Sitter algebra [9] by
combining ω′a5µ =
1
l
eaµ with the SO(3, 1) connection
ω′abµ, defined by (25), to form the SO(4, 1) de Sitter
connection ω′ABµ. No additional identity beyond those
already obtained is found. These identities may be of
use in future investigations involving torsion, such as in
finding torsion contributions to the chiral and conformal
anomalies, or in the construction of topological field theo-
ries. We also remark that the identities (55) and (56) are
equally valid for any third rank tensor having the same
symmetry property as the torsion tensor, namely, the
property of being antisymmetric in two of the tensor in-
dices. In the Kibble-Sciama theory of gravitation, torsion
tensor is the only basic entity possessing this property.
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